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00 The inverse problem and POD reconstruction

The inverse problem
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Diffusion suppresses fine spatial information, making source recovery from final-time data 11l posed.

01 Three levels of reconstruction error

Declare a physical visibility scale £ > 0 and set Hy = e UL
_ T
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Numerics report relative L? visible error for average mismatch at scale £. Geometry stability instead requires pointwise
L~ control of the same heat-smoothed discrepancy.

02 The visibility scale

Let L¢; = u;¢;. Tikhonov regularization has spectral gain
I —e ¥ st(1)
) = : = .
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With ¢ = 1 — e~ TH1, any half-gain crossing on [, o) satisfies
CT7L_1/2 < s < 1—1/2’ @L,TZ 6;1/211/4.

The scale £, 7 is conservative rather than an exact cutoff; structures substantially below it are strongly
suppressed.

03 Raw versus visible recovery

The spectral projector P, retains the first » eigenmodes of L; it 1s distinct from the learned POD pro-
jector. For a two-dimensional Lipschitz indicator source,
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With exact data, fixed 0 < ¢ < +/T, and ¢ 1.1 < £, the actual pointwise discrepancy satisfies
eviso := 1 He(fy , —f1)|l= < &uis,
)
an S Cory (A-+e ).

Here & 1s the theoretical visible-error budget.
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The displayed raw powers are near-sharp benchmark exponents; the general upper bound has an arbitrarily small expo-
nent loss. Only the fixed-scale rank tail 1s exponentially small; noise still limits the full reconstruction.

04 Geometry stability

Set F = Hyf " and F = H fjec; write I’ = [';(F) and I = I';(F). For a compact C! interface and contin-
uous F, under the signed-transversality, valid-tube, and separation assumptions in [4],
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A transverse crossing converts pointwise field error into controlled boundary displacement.
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POD learns a low-dimensional state basis offline; the reduced solver then makes repeated forward
evaluations cheaper [1,3].

Reduced reconstructions motivate the question: why can coarse shape remain recognizable despite

substantial raw source error?

05 Numerical evidence

The raw error follows the predicted algebraic rank trend, while the fixed-scale visible error decreases
by more than five orders of magnitude.
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Fig. 1. Rectangular indicator on a 962 orid, T = 0.15, Ar = 0.005, exact data, A = 0 spectral truncation, and ¢ = 0.04.
This plot tests rank separation, rather than the A-rate theorem; fitted slopes are consistency diagnostics, not proofs.

06 Visible shape recovery

A larger-hole letter A tests nonconvex visible geometry. Here H, smooths the source, not the final-
time state S7f.
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Fig. 2. Exact-data spectral projection f,ec = P,f"' ona 1927 grid (r = 72, ¢ = 0.04, T = 0.5). The sampled relation

d;?mple = 0.0082 < eyis oo/ Mnum = 0.0166 is consistent with the level-set estimate, but does not certify all continuum tube

assumptions. Since the source has corners, no global O(¢?) claim is made.

At a declared physical scale, parabolic inverse reconstruction can preserve

geometry far more accurately than its raw pixelwise values.
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Discontinuous source recovery is algebraically slow in L?.
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At fixed /, the unresolved spectral rank tail is exponentially small.

GEOMETRY
Visible L™ error plus a level-set margin yields Hausdortf control.
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